Abstract. Let R be a ring and C be a cotilting class of R-modules. Define A ≤ B by A ⊆ B and A, B, B/A ∈ C. Then (C, ≤) is an abstract elementary class of finite character. An analogous result holds for all abstract elementary classes induced by tilting modules.
Introduction
A surprising correspondence between algebraic properties of classes C studied in infinite dimensional tilting theory, and model theoretic properties of the induced abstract elementary classes (C, ≤), has recently been discovered in [3] . In this paper, we show that two important instances of this correspondence, namely the case when C is a cotilting class, and when C = ⊥ T for a tilting class T , always yield abstract elementary classes of finite character. The latter classes admit the tools of infinitary logics developed in [2] , [9] , and [10] .
The notion of an abstract elementary class (or AEC, for short) goes back to Shelah [12] and provides a general framework for far reaching extensions of classical model theory of first order structures, cf. [2] . AEC's of finite character were introduced by Hyttinen and Kesälä in [9] ; recently, Kueker [10] has shown that an AEC (C, ≤) with amalgamation property has finite character if and only if A ≤ B whenever A, B ∈ C are such that A ⊆ B, and for each finite subset X of A there is a monomorphism f X : A → B with f X ↾ X = id X and f X (A) ≤ B.
In [3] Our main result here gives a positive answer in the case when ⊥ D is a cotilting class of modules over an arbitrary ring. It follows that all AEC's of the form ( ⊥ D, ≤) over a Dedekind domain, or a right artinian right hereditary ring, have finite character. We also prove that if T is a tilting class over an arbitrary ring and ( ⊥ T , ≤) is an AEC, then ( ⊥ T , ≤) has finite character.
Recall that a pair (C, ≤) is an abstract elementary class if C is a class of models and ≤ is a partial order on C, both C and ≤ are closed under isomorphism, and satisfy
• (A2) If (A i | i < δ) is a ≤-increasing chain of elements of C (that is, A i ≤ A i+1 for all i < δ, and A i = j<i A j for all limit ordinals i < δ) then
• (A4) There is a Löwenheim-Skolem cardinal number κ such that if A is a submodel of B ∈ C then there is A ′ ∈ C which contains A as a submodel so that A ′ ≤ B, and the cardinality of A ′ is at most |A| + κ.
If A ≤ B then we will say that A is strong in B.
The basic example of an AEC is the class of all models of a first order theory with the relation of being an elementary submodel.
The class of examples relevant here, ( ⊥ D, ≤) for a class of right R-modules D, is of particular interest when C = ⊥ D is a cotilting class, that is, when C = ⊥ {C} for a cotilting module C. Here, C is a cotilting module provided that
• (C1) C has finite injective dimension; Every cotilting module is pure-injective by [14] , so (C, ≤) is an AEC for each cotilting class C by [3, Theorem 0.1 (1) ] (where 'model' stands for 'right R-module', and 'submodel' for 'submodule') .
For example if R is a Dedekind domain then the AEC's of the form ( ⊥ D, ≤) for a class of modules D are exactly the AEC's (C, ≤) where C is a cotilting class, and they correspond bijectively to subsets P of the maximal spectrum of R; the class C corresponding to P is the class of all modules that are p-torsion free for each p ∈ P (see [3, Theorem 0 
The notion of a cotilting module is a formal dual of the better known notion of an (infinitely generated) tilting module where a module T is said to be tilting provided that
• (T1) T has finite projective dimension;
T i a direct summand in a direct sum of copies of the module T for each i ≤ n.
If T is a tilting module then
is the tilting class induced by T .
Given a ring R we let Mod-R denote the category of all right R-modules, and mod-R the subcategory of all strongly finitely presented modules, that is, of the modules possessing a (possibly infinite) projective resolution consisting of finitely generated mdules.
A class C ⊆ Mod-R is resolving provided that R ∈ C, C is closed under extensions and direct summands, and C 1 ∈ C whenever there is a short exact sequence of the form 0 → C 1 → C 2 → C 3 → 0 where C 2 , C 3 ∈ C. For example, mod-R is resolving.
A class D ⊆ Mod-R is called of finite type in case there is a class S ⊆ mod-R such that
Moreover, if all modules in S have bounded projective dimension then D is said to be of bounded type. In this notation, the main result of [6] says that tilting classes coincide with the classes of bounded type.
We refer to [2] , [3] and [8] for basic properties of the notions defined above 1 . We only note that in the general setting of infinitely generated modules, cotilting theory amounts to more than just dualization of the (infinite dimensional) tilting theory: while the dual (character module) of any tilting left R-module is a cotilting right R-module, Bazzoni has recently discovered a class of valuation domains with cotilting modules that are not equivalent to duals of any tilting modules, [4] .
AEC's induced by cotilting modules
We start by recalling a well known tensor vanishing criterion: Lemma 1.1. Let R be a ring, D be a left R-module with a finite generating set (d i | i < m), C be a right R-module, and {c i | i < m} a sequence of elements of C. Then the following are quivalent:
Proof. This is a particular instance of [13, Proposition I.8.8].
A class of modules C is said to be definable provided that C is closed under direct products, direct limits, and pure submodules.
There are many characterizations of definable classes of modules, cf. [7, 2.3] ; in particular, each definable class is axiomatizable in the language of the first order theory of modules by axioms saying that certain Baur-Garavaglia-Monk invariants are 1, see [11] . We will need the following characterization due to Bazzoni (see [5, Proposition 5 .2]): Lemma 1.2. Let R be a ring and C be a class of right R-modules. Then the following are equivalent:
(1) C is definable.
(2) There is a set of R-homomorphisms Θ = {θ i :
where all F i 's and G i 's are finitely presented left R-modules, such that
Let C be a class of modules. Then C is special provided for each module B there exists an exact sequence 0 → B → D → C → 0 with C ∈ C and D ∈ C ⊥ . Cotilting classes are a particular sort of definable classes: Lemma 1.3. Let R be a ring and C be a cotilting class of right R-modules. Then C is definable, special, and resolving. Notice that if C is cotilting then any set Θ such that C = Ker(Θ) as in Lemma 1.2.(2) must consist of monomorphisms, since R ∈ C. Theorem 1.4. Let R be a ring and C be a cotilting class of right R-modules. Then (C, ≤) is an AEC of finite character.
Proof. Assume that (C, ≤) is not of finite character; so there are modules A ⊆ B ∈ C such that B/A / ∈ C, but for each finite subset X ⊆ A there is a monomorphism f X : A → B with f X ↾ X = id X and B/f X (A) ∈ C.
By Lemma 1.3, C is special, so there is an exact sequence 0 → B ⊆ D → C → 0 with D ∈ C ⊥ and B, C, D ∈ C, and C is resolving, so D/A / ∈ C ⊥ . By Lemmas 1.3 and 1.2, there is a set of R-monomorphisms Θ such that C = KerΘ. Since D/A / ∈ C ⊥ there exist finitely presented left R-modules F ⊆ G such that the inclusion θ : F ֒→ G belongs to Θ, but the map
Let {f i | i < m} be an R-generating subset of F , and {g j | j < n} an Rgenerating subset of G. Then there is a matrix (r ij ) ∈ M m×n (R) such that f i = j<n r ij g j for each i < m. By assumption there exist elements (
By Lemma 1.1, the latter just says that there exist elements (d ′ k | k < p) in D and a matrix (s kj ) ∈ M p×n (R) such that i<m s kj g j = 0 for each k < p, and
Take X = {a j | j < n} and define I = f X (A). Since a j = f X (a j ) for each j < n,
Denote by ν the inclusion ν :
By Lemma 1.1 there exist elements (b l | l < q) in D and a matrix (t lj ) ∈ M q×n (R) such that j<n t lj g j = 0 for each l < q, and i<m
An AEC (C, ≤) is said to admit intersections if for each C ∈ C and each submodel C ′ ⊆ C, the intersection of all strong submodels of C containing C ′ is strong in C. 
AEC's induced by tilting modules
We turn to the tilting setting, and more generally, to the setting of classes of finite type.
Given a class of modules S, a module M ∈ Mod-R is called S-filtered provided that M contains a chain of submodules (
A class of modules C is said to have refinements provided there is a cardinal κ such that each module from C is C κ -filtered where C κ denotes the class of all ≤ κ-generated modules in C. This property is relevant here because of the following result proved in [ Assume that S ⊆ mod-R is resolving. Let D = S ⊥ and C = ⊥ D. Then D is of finite type, and C coincides with the class of all direct summands of S-filtered modules (see e.g. [8, Corollary 3.2.4] ). This description of the class C makes it possible to prove yet another case of finite character: Theorem 2.2. Let R be a ring, S be a subclass of mod-R, and C = ⊥ (S ⊥ ). Assume that (C, ≤) is an AEC. Then (C, ≤) has finite character.
Proof. Possibly replacing S by ⊥ (S ⊥ ) ∩ mod-R, we can assume that S is resolving. Consider an exact sequence 0 → A ⊆ B → M → 0 with A, B ∈ C. Assume that for each finite subset X of A there is a monomorphism f X : A → B with f X ↾ X = id X and f X (A) ≤ B. By [8, Corollary 3.2.4] , there is a module C ∈ C such that A ′ = A ⊕ C is S-filtered, and clearly B ′ = B ⊕ C ∈ C. Extending f X to C by identity, we can w.l.o.g. assume that A = A ′ is S-filtered.
Let F be a finite closed subset of σ, and X be a finite R-generating subset of A module M is -pure split if every pure embedding N ′ ⊆ N , where N is a direct summand in a direct sum of copies of M , splits. For example, each -pure injective module is -pure split (see [8, 5.3] ).
Corollary 2.3. Let R be a ring, T be a tilting right R-module with the tilting class T = T ⊥ , and let C = ⊥ T . Then (C, ≤) is an AEC if and only if T is -pure split. In this case (C, ≤) is of finite character.
Proof. By [6] , T is of bounded type, so T = S ⊥ where S = ⊥ T ∩ mod-R is resolving. Moreover, the class C has refinements by [8, Theorem 5.2.10], so Lemma 2.1 yields that (C, ≤) is an AEC iff C is closed under direct limits. But the latter is equivalent to T being -pure split by [8, Proposition 5.3.4] . The final claim follows by Theorem 2.2.
We finish by an example showing that the reverse implication in Corollary 1.5 fails in general.
Example 2.4. Consider a ring R which is right perfect, but not left perfect (for instance, take R = U T ω (K), the ring consisting of all upper tringular ω×ω matrices over a field K which are constant on the main diagonal and have only finitely many non-zero entries above it, see [1, p.322] ). Let D denote a representative set of all simple right R-modules (for R = U T ω (K), we can take D = {K} because the Jacobson radical J of R consists of the matrices that are zero on the main diagonal, and R/J ∼ = K).
Then ( ⊥ D, ≤) is an AEC, and ⊥ D is the class of all projective right R-modules (see [3, Example 2.11] 
